ROBYN PIERCE AND KAYE STACEY

USING DYNAMIC GEOMETRY TO BRING THE REAL
WORLD INTO THE CLASSROOM

This chapter reports on the use of dynamic geomtetryupport the use of real
world contexts to enhance the learning of mathersaiti the middle secondary
years. Dynamic geometry linked to real world imagesised to create dynamic
simulations provided opportunities for studentsctdlect real or simulated data
and to gain mathematical understanding through esgilon using multiple

representations. Tasks which accessed these feaprowved to be valuable for
both increasing students’ engagement and their dgbtmathematical thinking.
The colour, movement and interaction created a ledlect valued by teachers for
its impact on students’ general attitude towardsigtng mathematics.

Teaching fourteen and fifteen year olds mathematiesents many challenges.
Engaging these students can be difficult, espgcéslthe mathematics they study
becomes more abstract. Dynamic geometry offers ryppities to bring the real
world into the mathematics classroom, to add visatibn, colour and animation
not possible in a traditional classroom and to degpe mathematical thinking we
expect in various topics of the curriculum.

The four examples of curriculum materials presenibedthis chapter were
developed as part of the RITEMATHS project (HRERM®Y focus on some of the
affordances of dynamic geometry. The project aiteehvestigate the use of real
(R) world context problems with the assistancendbimation Technology (IT) to
enhance (E) middle secondary school students’ emgegt and achievement in
mathematics (MATHS). Teachers from a variety ofagdt explored how a variety
of new technologies could be used, especially énallyebra and functions strand of
the curriculum, to assist students to see the li@te/een abstract mathematics and
real world situations. Within the project, teacharsed graphics calculators,
computer function graphing and spreadsheets, canpmigebra systems, and
image and video analysis software, in addition yoamnic geometry from several
authors. Dynamic geometry software was amongstntlst successful of the
technologies that were explored.

Geogebra offers integrated applications so thatohjo geometry is seamlessly
linked to scientific calculator capability and anfition grapher. It also allows for
some use of text and digital images. These faeslitillow the teacher to:

— give high quality, attractive presentations linkitgyreal world situations that
interest students,
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— provide support for students to engage in probletvirsg related to real world
situations,

— set tasks that allow students to explore mathealatégularities and variation
within one mathematical representation,

— set tasks that allow students to explore mathemalatieas by linking different
mathematical representations of mathematical abject

As will be shown in this paper, the facility to pege high quality, attractive

presentations quickly is an advantage for the teachAttractive presentations

prepared in advance, not only capture studentsh&étin but also may lessen the

immediate cognitive load for the teacher as thewl deith the class, the

mathematics and the technology.

The value of real world problems for the teachifigrathematics has been well
recognised over many years (see for example Budkh&981). The advantages of
providing a curriculum experience for students tlgatich in reference to real
world problems have been summarized as:
fostering general competencies and attitudes (agch belief that mathematics
is useful);
preparing citizens who have critical competenceoyking, for example, to
analyse data carefully);
equipping students with the skills to utilise nattatics for solving problems;
giving students a rich and comprehensive pictfinmathematics (including its
applications) and
sometimes prompting mathematics learning of aiticel type (e.g. by
showing links to a student’s chosen career) (Bluoh ldiss, 1989).

In addition to these traditionally recognized bétsedf real world problems, as a
result of our observations in the RITEMATHS projeet reported (Pierce and
Stacey, 2006) that teachers often use real wod8lems in order to enhance the
image of mathematics by creating a ‘halo effectieTerm ‘halo effect’ dates back
to the 1920’'s work of Edward Thorndike (1920) whmwed that assessments of
specific traits of a person or thing are markedhfluenced by an overall
impression, which may itself be based on littledewvice. In marketing, the term
‘halo effect’ is used to describe the phenomenoexténding a positive view of
one specific attribute or item to an entire brandhe RITEMATHS project, many
mathematics teachers took advantage of this psggluall phenomenon. They aim
to capitalise on students’ appreciation of coldun, and pleasant experiences
associated with an out-of-school situation to @eathalo effect’ that extends from
the pleasant experience to the immediate matheahdatisk which uses this real
world problem and then beyond to the study of nmatitecs in general. Some
examples of how this operated are presented irptpsr.

With dynamic geometry, the real world may be brduigho the mathematics
classroom in two ways: through the use of digitahges and through the use of
simulations. In this chapter the first three exasspillustrate the use of digital
images while the third illustrates the use of sitioh. In the sections below each
example will be illustrated and discussed with ratte to both the cognitive and
affective aspects of student learning which aré intb the design.
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EXAMPLE 1: FEDERATION SQUARE

At Federation Square in the centre of the city dafliddurne there is a building
fagade made of 22000 zinc, glass and sandstonegieg Small triangles are
progressively arranged into larger geometricaltyiksr triangles, using a famous
pinwheel tiling. Figure la shows a section of theafle with line segments and
shading used to highlight the repeating pattertriahgles within triangles. The
photo has been inserted into a Geogebra file. Alithe small triangles are
congruent and all the highlighted triangles areilaimFor our local students this is
a familiar landmark that many will have visited yaiely. For many classes of
students, it will also evoke shared memories okilog at this feature as part of a
school excursion to the city especially if they @aompleted the city ‘maths trail’
(Vincent, 2007). The mathematics is linked to thal world because the students
have seen the fagade and will learn that the fatiom and aesthetically pleasing

attributes of the patterns in the fagcade are lirtkethe mathematical properties of
the shapes used.

€ GeoGebra - FedSquare2b.ggb.
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Federation Square, Melbourne
The facade is made of triangles composed of smaller triangles.

Al of the small triangles are congruent - the same size and shape.
The basic triangle has a right angle and sides in the ration 1:2:sqrt5
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Figure 1a The Facade of Federation Square, Melbeuuses a pinwheel tiling: three sizes
of triangles are highlighted.

We have prepared a Geogebra file to be used iredhly stages of learning
about Pythagoras’ theorem and dealing with the teasthmetic of square roots.
The lesson takes advantage of the Geogebra fesiltt insert pictures; create
points, lines and triangles in front of the imagegasure the length of lines; and
perform calculations. Two sorts of constructions ased in the file: (i) triangles
drawn on the photo highlight features as in Figlagwhere right angles in the real
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world may not all be right angles on the photo) difjdconstructed right-angled
triangles with side lengths that are multiples p21 5 to represent the triangles of
the theoretical tiling (see Figure 1b). Investigatiof the mathematical properties
of the triangles in the facade prompts discussibnpmperties of triangles,
measurement, congruent triangles, similar triangtessellations and ratio. If
students know that the triangles highlighted inuFggla are all similar and right-
angled, then they can calculate that the side hengte in the ratio 1:25 (because
the sides of a large triangle are made from 1 aodpes of the hypotenuse of the
next smaller triangle). For students at this leitels a challenge to calculate the
exact lengths of the sides of the successiveletamggngles (which can be done in
several ways) and to check their work by matchintpy whe measurements from
the picture. Teachers who used this approach tkimgrwith irrational square
roots found that the link with measurements gaveadity to the abstract symbols,
and impressed upon these young students that sueds were indeed numbers
(Stacey & Price, 2005).
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Figure 1b lllustration of how to make the pinwhelahg.

None of these images are dynamic. What, then, doesuse of dynamic
geometry software in this way offer for teaching?sltrue, in this case, that the
construction, investigation and mathematical openat could be carried out by
students using photocopies, pen, paper, rulers@ssand calculator. Geogebra,
used with a data projector, offers the opportutotyse the photo of the real fagade
and examine it, with whole class discussion, witthie orderly confines of the
classroom. The material shown here was used inunotipn with paper
measuring, which students could further link to itha&l world objects.

Olivero and Robutti (2007) point out that discussif measuring in the real
world and the digital world along with discussiohtie theoretical mathematical
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world provides an opportunity to make pedagogica af what Pierce and Stacey
(see Stacey, 2008) call the contrast between idedl machine mathematics. In
ideal (theoretical) mathematics the length of tides of the triangles will be
exactly represented by multiples of 1, 2, aBdWhen the lengths are measured (in
any way, but in this case using the dynamic geoysiftware) the results will be
approximate and the accuracy reported accordingeamumber of decimal places
set.

In addition although the triangles are congruergasures for equivalent sides
may slightly vary with the orientation of the trigla (a software phenomenon), the
relative position of the camera and the real wafld~ederation Square, and the
camera lens properties. Some of this variation iregudiscussion with the
students. If students are to use their mathemttis®lve real problems then it is
vital that they learn to understand the practicahstraints associated with
measurement, whether it is using real world objscish as a ruler or on screen
measurements such as through dynamic geometry.

EXAMPLE 2: RESIZING DIGITAL IMAGES TO EXPLORE SIMIARITY

The world of digital cameras and resizing imagedaimsiliar to our students. So too
is the variation in aspect ratio which must be aegred when watching DVDs on
computers, televisions or large screens. We hagd these real world experiences
to introduce concept-building ideas of similaritying rectangles (rather than the
classic approach with triangles) drawing on themeghematical concept of “looks
the same” as the fundamental meaning given to a&iityil Digital images inserted
into a dynamic geometry screen, such as those showigures 2a and 2b, offer
links between mathematics and the real world. Tiegie in Figure 2a and 2b is an
end-on view of a large circular water tank on tlekof a truck. Students can
manipulate the image by dragging a corner of thegien deciding whether it ‘looks
the same’ (in this case the tank still looks ciacpivhen the size changes.

Figure 2a Explore effects of resizing image-wamgdragging encouraged.
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Figure 2b Explore effects of resizing image-bouhaed guided dragging

Through various modalities of dragging (as discddselow) students explore
the regularity and variation of the length and Hthaand also the ratios, sums and
differences of these measures, while observingctienging image. When the
image is dragged so that it ‘looks the same’ th® raf the length and breadth
remains constant, but the actual measurementsthed gquantities calculated from
them alters. These experiences may build conceftsuta measurement,
calculation, ratio, aspect ratio and similar figgrin this example we have chosen
the image of the base of a large water tank bectheseircular base and regular
octagons assist the student to recognize similhtitypositive affective impact may
be gained by choosing other photos. These coulthken around the school or
include images of the students from the classhis éxample different dragging
modalities are used to develop theory and testryhaad these are structured into
the design of the dynamic geometry worksheets. lifilkebetween similarity and
constant ratio is firmly established, for later Wwowith triangles. In this way,
dynamic geometry is used to encourage studentsuvelap a sense of discovery as
active learners.

Arzarello et al (2002) describe the ascending aesteinding modalities of a
lesson using dynamic geometry: ascending as thraihgaactivity focus moves
from perception of drawings to analysis througlotlyehen descending when the
focus moves from theory back to drawings. Desariptiames have been given to
the various ways in which the user may use drag¢ingxplore mathematical
regularity and variation. Arzarello et al (2002) nma ‘wandering dragging’,
‘bounded dragging’, ‘guided dragging’, ‘dummy locdeagging’, ‘line dragging’,
‘linked dragging’ and ‘dragging test’. A number thfese dragging modalities are
illustrated in the examples in this paper. It iportant to note that from classroom
research Arzarello et al note that the studenisitiom processes develop through a
sequence of different modalities following an eviwo from perceptive to
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theoretical and through ascending and descendingalities. Exploratory tasks
require careful didactical design to support stisié@msuch a learning process.

In the worksheet illustrated by Figure 2a studen¢sasked to drag the corner of
the photo so that the image ‘looks the same’. Taey encouraged to use what
Arzarello et al (2002) call ‘wandering dragging’ daombserve the effect on the
shape of the image and on the lengths, ratios, samdsdifferences of the side
lengths. From this experience they form conjectuabsut the preservation of
aspect ratio. Initially, for example, students fiht the images that look the same
all have the same ratio of length and breadth.rl_#tey also usually note that the
one dragged corner stays on an (extended) diagbtiad image. Putting a trace on
the dragged corner reveals this. This property lmatinked then to the invariant
ratios of the sides, and the equality of the factbat stretch or shrink the length
and breadth.

The dynamic geometry task has a series of workshEggure 2b comes later in
the series and provides both the grid and a diddioea This may either be used as
a guide for students who have not developed a yhgguided dragging’) and the
grid and line also make it easy for students td tkeeir own theory for the
preservation of aspect ratio. The grid also makeasier to see other mathematical
relationships: for example, when the aspect raticonstant, the length and breadth
have undergone the same dilation. Other exampléseafise of dynamic geometry
and other image software are given by Pierce C45).

EXAMPLE 3: EXPLORING VARIATION BY FITTING CURVES TCHIGHLIGHT
REAL WORLD IMAGES

An important goal for the teaching of functionstligt students understand how
modifications to the symbolic rule transform thegn of the function. Teachers
teaching graphing quadratic functions, for examplery frequently require
students to create (using pen-and-paper or a umgjrapher) graphs for several
related rules e.gy =%, y = x> + 2,y = x*-3 and observe the regularities. This
activity may be used to encourage discovery legroiinthe relationships between
the graphs, or to practise the application of pastexplained by the teacher. The
task illustrated below is in this mode, but with ¢hustronger real-world links.
Students are challenged to fit a linear (Figures38aor quadratic (Figures 3b, 3d)
curve to features on a digital image by finding thde for the appropriate
mathematical functions. Students typically begithvd guess-and-check approach
but quickly become more systematic in their attenps they begin to appreciate
how to use their knowledge of the effect on thepbraf modifications to the
symbolic rule.

The choice and positioning of the digital imageak the teacher to vary the
difficulty of the task. For example the scissot Bhown in Figures 3a and 3c is
deliberately placed symmetrically about the veltiexis. This positioning
emphasizes vertical transformations and reflectidime multiple parallel lines of
the scissor lift provide repeated opportunitiesuse the relationships between
andc iny = mx+ c. Another excellent teaching feature is the fheit there are



ROBYN PIERCE AND KAYE STACEY

lines with the same gradient rising to the left &hne right, so that iff = mx+ ¢
traces one suppornt,= -mx+ c traces another. The task illustrated in Figureh3s,
been made more difficult by requiring outlining wrthe support struts for the
scissor lift. This requires the student to resttid domain of each straight line.
This reinforces students’ knowledge of how the dionadi a function is determined
by the x-values, and not the y-values.

Students enjoy the challenge of finding a line whfits accurately over the
image and again students’ engagement may be irttdgsmaking use of digital
images which the students have taken themselvegh€es in our project also felt,
for example, that their students would enjoy fijticurves to the famous quadratic
‘McDonald’s’ arches, because they associate thiagenwith pleasant social
occasions, or using pictures of ‘exotic’ locatighsit they dream of visiting one
day (halo effect again). Water from a hose linkshwihysics learning, but it is
important in all of these activities to note thag¢ functions are only being fitted to
an image and not to the real thing existing in aourcoordinatised world.
Capturing data about the real object needs to he darefully.

Figure 3a (left) Linear function ‘fitted’ to suppostrut of scissor lift at air show.
Figure 3b (right) Parabolic water spray from a gam hose.

Geogebra’s facility to insert digital images cond@nwith its function graphing
capabilities support activities that prompts studeo
— see that curves which may be described by functites are observed in the
real world;
explore the effects of varying parameters in lirea quadratic function rules;
practise finding function rules to describe a ebyri of straight lines or
parabolas;
appreciate the value of the different ‘standardnf&s of the function rules:
especially they= a(x-g¥ +h , ‘completing the square’ form for a quadratic;
discuss how well these function rules ‘model’ fiation, including whether
there is a physical reason for this model (asesctise for the water spray shown
in Figure 3b);
engage in friendly competition with their classtesato find the ‘best fit'.
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Figure 3c (left) Scissor lift outlined using linefamctions with restricted domains.
Figure 3d Quadratic to ‘fit’ curve of bridge oveiver.

EXAMPLE 4: THE BIGGEST VOLUME FOR AN OPEN BOX

The fourth example requires pre-calculus studeatsexplore an optimisation
problem:what is the maximum volume of an open box thatbeamade from a
standard-sized sheet of pafefhe diagram in Figure 4b shows how the open box
is made by cutting squares from the corners of ghper, then folding it up.
Changing the size of the squares removed changesdiume of the box. Our
teachers have found that the impact of this tagkéstest, and the possibility of
optimization is remembered by students when thasnlealculus some years later,
if each student makes their own box first. Eacllait is allocated a size of corner
to remove, draws the appropriate net, construet$tx, calculates its volume and
plots a point on a single scattergram of classltes8ince this is probably the first
experience that these students have of optimizasimme students will think all the
boxes will have the same volume, because they aderfrom the same sized piece
of paper; others will think that the volume incres®r decreases steadily, and a
few predict there will be a maximum or minimum. Jhiractical and numerical
work precedes the experiences with the dynamic gégnand also precedes the
algebraic formulation. Greatest affective impact gained by using brightly
coloured paper, looking at the boxes in order oé sif square removed, and finally
stacking the boxes as in Figure 3a thereby exhipitheir decreasing bases, and
increasing height. The difficulty of judging whidiox has the greatest volume
must be resolved using mathematics — the stacko®s ot help with that but
tends to hides it.
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Figure 4a (Upper) Coloured open boxes from onesckch constructed from A4 paper.
Figure 4b (Lower) Dynamic file of open box, its aatl with the graph of volume displayed.

When the lesson turns to the pre-prepared dynasomgtry file, students can
change the size of squares removed with a slider sae how the shape of the box
changes. (In a later lesson, they can also userslitb change the size of the
paper.) They can plot the volume of the box agathet length of the square
removed, by tracing the plotted point. Becauseadyio geometry is now linked
with data capture, data graphing and list constractts use enables students to:
examine and explore a virtual model of the papsting, fully mathematised,
which corresponds to their paper model yet witkadily adjustable size;
obtain first hand virtual experience of how théuwoe changes when the height
of the box is altered (with the kinaesthetic ofgtjiag);
capture data to create a table of values of thghhend volume (this step
highlights empirical aspects of mathematical discgy,
display the data graphically as isolated points, @s a curve;
test whether formulas which are later derived dédely match the data.

10
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Classic writing on multiple representations foreddta (see, for example, Kaput,
1992) has considered three representations (egy.ntmerical, symbolic and
graphical representations of a quadratic functibnj,with dynamic geometry used
to simulate real world problems as in this example,move easily between five
worlds:

— real world situation;

— dynamic geometry simulation;
— numerical representation;

— graphical representation;

— symbolic representation.

CLASSROOM PRACTICES

Our experiences in assisting teachers to adoptighedynamic geometry have led
us to the use of pre-prepared files in almost radtances. When we began our
work, we expected that a teacher who decided todysemic geometry with a
class would begin by teaching students the basmaking files, possibly in the
context of simple geometry. We expected that stisd@rould make their own
simple files in most lessons, to explore a situatidowever, we now believe that
the use of pre-prepared files has many advantafesse files can be better
constructed, more attractive and more robust. $tsddo not spend precious
mathematics learning time on mastering applicasipeeific skills of narrow
application. It is much easier to teach studemesskills for using a prepared file,
such as using a slider or tracing a point beingged. Moreover, it is often more
effective to use the dynamic geometry file with atad projector as a class
demonstration and discussion starter, than to kdents working individually.

Sinclair (2003) found value from using carefullyepared dynamic geometry
files that encourage discovery without confusiod aich can be delivered within
a limited time frame. Such files should also be ocagganied with carefully
designed questions that help students “learn houséochange to explore and how
to extend their visual interpretation skills” (A.23.

During our experiences in the RITEMATHS projectaiso became clear that
preparing well-constructed dynamic geometry files riot very practical for
teachers, at least at this early stage of thell d&velopment. Creating a robust
file for anything other than the simplest of siioas requires expertise, and for the
foreseeable future will only be undertaken by esitsts. This points to the need
for excellent mechanisms for sharing good files associated teaching materials,
first amongst the teachers of one school, thensaadgstricts and also around the
world. This is an important role for internet Gebge sites, but sharing resources
across platforms and programs is also desirable.

CONCLUSION

The examples above have illustrated four diffetgpes of uses of Geogebra to
bring the real world into the classroom. In Examplehe dynamic geometry was

11
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especially used to enhance the presentation ofmiderial. Students could have
used the traditional tools of the pen-and-papesscteom, but the computer added
positive associations, colour and clarity. In oesearch project, we particularly
noted the very strong emphasis that teachers placetiese uses of technology,
simply to brighten the classroom. At first we wertelined to dismiss such uses as
superficial, but we now understand the teachershgtneed to make mathematics
lessons more palatable. Our analysis of this pimemon led us to the
psychological literature on the halo effect (Pieaad Stacey, 2006). We now
understand that an important motivation for teagteruse real world problems,
which was previously neglected in the literaturee($or example, Blum and Niss,
1989) is to associate mathematics with pleasunadites of students’ present lives.
This is different to the way in which previous wer$ valued the choice of contexts
which had substantial mathematical content that im&#nsically interesting to
students or essential for their use in the futufeachers hope (maybe not
consciously) that using pleasant contexts, images @bjects in mathematics
lessons will, by association, make students feelenpositively disposed towards
learning mathematics. These presentation aspeaynafmic geometry and other
software may (quite literally) be superficial, biitdoes not mean they are not
important.

Example 2, introducing ideas of similarity througlspect ratio, inherently
required technology to manipulate images. Arzaiwlloesearch group had
identified the roles of different types of draggiimgconducting investigations in
their work with Italian schools, and it is inteliegt that several of these had been
independently created for use in these lessons.cbheept of aspect ratio has
newly entered public consciousness, mainly througlial digital technologies,
and it is good to be able to use these same temtiesl to teach the underlying
mathematics. In this case it is the image itself th manipulated.

Example 3 provides an illustration of the use ob@abra to encourage students
to systematically explore links between symbolicndiion rules and
transformations of their graphs. Here the imag&atic and used only to provide a
stimulus and for engagement, but Geogebra is ueedtd function graphing
capability.

Example 4 shows the expansion of representatiordggbra that is supported
by dynamic geometry, beyond the classic symbolitverical-graphical to include
simulations and the associated possibilities faa dapture. In this way, dynamic
geometry is not just mathematically able softwéarg,also acts to some extent as a
real world interface.

In conclusion, Geogebra has much to offer for tearimathematics through
real world problems.
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